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Abstract: The temperature variations of pauli spin paramagnetic suscep- 
tibility and the electronic specific heat of solids, are calculated as functions 
of temperature following the free electron approximation, in generalised d- 
dimensions. The results are compared and become consistent with that ob- 
tained in three dimensions. Interestingly, the Pauli spin paramagnetic sus- 
ceptibility becomes independent of temperature only in two dimensions. 
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Introduction: 



As a consequence of having the intrinsic spin, the electrons bear mag- 
netic dipole moment. Pauli spin paramagnetism results entirely from the 
spin magnetic moments of electrons. In three dimensions, using free elec- 
tron approximation, the temperature dependent susceptibility is calculated 
by Stoner [1] and in the low temperature regime, it is quadratic in the tem- 
perature. Following the same type of calculations, the electronic specific heat 
becomes linear in temperature. These results are well known and documented 
in the standard textbooks [2, 3, 4, 5]. 

However, no such derivations are observed in the standard literature, in 
any generalised ci-dimensions. Although, in reality, we are mainly concerned 
with the systems in three dimensions, one may extend these calculations in 
generalised ci-dimensions just for pure pedagogical or mathematical interest. 

In this paper, the Pauli spin paramagnetic susceptibility and the elec- 
tronic specific heat are calculated in free electron approximation as a function 
of temperature in generalised ci-dimensions. 

Calculations in ci-dimensions: 

1. Pauli spin paramagnetism: 



In a generalised ci-dimensions, if we consider a system (unit volume) of 
electron gas, each electron will contribute —\ib (a*b is Bohr magneton) to 
the magnetisation density if its spin is parallel to the applied magnetic field 
H, and \xb, if antiparallel. Hence, if N± is the number of electrons per 
unit volume with spin parallel(+) or antiparallel (-) to H, the magnetisation 
density will be [6] 

M = -// B (7V + -AL). (1) 

When the interactions of the electrons with the magnetic field will be consid- 
ered, then the only effect of the field is to shift the energy of each electronic 
level by ±/i B H, according to whether the spin is parallel or antiparallel to 
H. This may be expressed in terms of the density of electronic states for a 
given spin. If g±(E)dE is the number of electrons in the specified spin per 
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unit volume in the energy range E and E + dE, one may write 

g ± (E)=g(E)/2, (for H = 0) (2) 

where g(E) is the ordinary density of states. In the application of external 
magnetic field H, the density of parallel and antiparallel spin states are 

g+(E) = ^g(E-fi B H) 

g_{E) = l -g{E + ^ B H). (3) 

So, for each spin species, the number of electrons will be, 

N± = Jg ± (E)F(E)dE, (4) 
where F(E) is the Fermi-Dirac distribution function [4] 

where, /j, is in general temperature dependent chemical potential. 
For small field H, one may write 

g ± (E) = l -g{E ± pt B H) ~ l -g{E) ± ^ B Hg'(E) (6) 
and consquently, 

1 z* 00 1 /" 

N±= 2Jo 9(E)F(E)dE T -VBHj g'(E)F(E)dE. (7) 

Hence, the magnetisation density becomes, 

M = ti 2 B H g'(E)F(E)dE. (8) 
Jo 

Now, the primary task is to evaluate the following integral [4] 

roo 

1= / g'(E)F(E)dE (9) 
Jo 

where, the derivative g'(E) has to be calculted for the electronic density of 
states g(E) in a generalised ci-dimensions. This type of integral was evaluated 
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in general in [4] (page-393). So, 

I = / g'(E)F(E)dE 
Jo 

(kT) m .d m g(E), 



m=0 



ml 1 dE m JM 



= X 9{E)dE + — ^ M + E^l-^ HO) 

where, m = 0, 2, 4, 6... etc and 7 m = Jf^ £™*^ 2 dx. g" (/x) is second derivative 
of ^(-E) evaluated at E — /j,. It may be noted here that only the even- 
derivatives (i.e., d Igi^ , ^Jp^; d (IeP e ^ c °f fi'(-^) are present in 7. Here, /x is 
in general temperature dependent chemical potential. The quantity 7 may 
be written as, 

// x/ \ tt 2 A; 2 T 2 „. . ^ r (kT) m A m g{E)^ 

~ + ^(^ )(/i - /i ) + — — <f M, + E 7 ™H^hyf^ n ) 

m =4 m - tt - C/ 

where the second integral term is approximately equal to g'(fj, )(fj, — /i ). 
Here, /xo denotes the Fermi energy (T = 0) of the electron gas. Now, the 
task is to evaluate (/x — /xo). It is well known [4] that 

"-"° = - (12) 

if calculated using quadratic (upto T 2 term) approximation. 

After simplification (from above two equations), one may write 

T- ( Hi ^gggM , n 2 k 2 T 2 g" (/x ) - (kT)™ d™g(E) 

1 ~ gM[1 o— + + i/ m ^r [ ^^ ] ^ 

(13) 

Now, to calculate 7, one has to calculate, g(fJ,o), g'(no) and g"(/Xo) m gener- 
alised <i-dimensions. The density of electronic states g{E), in d- dimensions, 
has been calculated very recently [8]. In (/-dimensions, g(7?) = CE^ , where 

d-2 d-4 

C is a mass dependent constant. Thus, <?(/xo) = C/^o 2 j = C(^-)fi 2 , 

and #"(/x ) = C(^)(^T%?- Considering, JV = J W) g(E)dE, the total 
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number of electrons, in d- dimensions, g(/io) = dN/(2/i ). Using these, I 
becomes 

It should be noted here that, in the summation of the expression of I in 
above equation due to the presence of all even-derivatives of g(E), all terms 
include a factor (d — 2) (since g(E) = CE~). The magnetisation density 
M = n 2 B HI. Hence, the pauli paramagnetic susceptibility xp — M/H = fi 2 B I 
is calculated here in generalised d- dimensions. This general (in d- dimensions) 
calculation is not yet done and it is not found in the literature of quantum 
statistical physics [2, 3, 4, 5]. 

The Pauli spin paramagnetic susceptibility is independent of the temper- 
ature for two-dimensional electronic systems when the higher order terms 
are included. However, this is based on the factor that the chemical poten- 
tial is calculated using quadratic approximation in eqn (12). Actually, the 
temperature-independent feature of Pauli spin paramagnetic susceptibility 
for d — 2 is very general. See eqn (8), for d = 2, the derivative of density of 
state equals zero. Hence, the temperature dependent part of the magnetiza- 
tion and then the Pauli spin paramagnetic susceptibility vanish completely. 

Reader may easily check that in three dimensions (putting d — 3 in the 
general expression of I), Xp becomes (in quadratic approximation), 

2/xo [ 12//2 J 

which was obtained by Stoner [1, 7]. 

Here, it may be noted that, in two dimensions only, (putting d = 2 in the 
general expression), the suceptibility becomes independent of temperature. 
This was not predicted by Stoner [1]. This is an interesting result and not 
yet available in standard literature. This is a very general result also. Even if 
one calculate the susceptibility using all terms in the summation (in equation 
14), due to the presence of a common factor of (d — 2) (in all T dependent 
terms), the Pauli spin susceptibility will become temperature independent in 
two dimensions. 



(15) 



2. Electronic Specific heat: 



Here, the total energy E is calculated as [4] 



E = Eq + 



7T 2 k 2 T 2 
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(16) 



Eq is the electronic energy at T = 0. In dimensions g(fio) — dN/(2fj lQ ). 
Using this form of g(fio) the electronic specific heat in d- dimensions, becomes 



The above result will yield well known result [4, 7] of electronic specific heat 
(C v = (ir 2 k 2 NT)/2fi ) in three dimensions, if one puts d = 3 in the general 
expression of C v written above. 

Concluding remarks: 

In this paper, the pauli spin paramagnetic susceptibility and electronic 
specific heat are calculated in generalised d- dimensions. The results are com- 
pared with that obtained in three dimensions. The susceptibility and the 
specific heat are calculated as functions of dimensionality d. The well known 
results in three dimensions are restored just by putting d = 3 in there respec- 
tive general expressions. Interesingly, the Pauli spin paramagnetic suscep- 
tibility becomes independent of temperature only in two dimensions, which 
was not predicted by Stonerfl]. These general calculations are not available 
in the standard literatures of quantum statistical mechanics. Although, d- 
dimensions is not a realistic concept, this study is pedagogically interesting 
and this result has a significance in modern technology. If any electronic de- 
vice requires the temperature independent spin-magnetism, one may think 
it to prepare in two dimensions. 

It may be noted here that the Pauli spin susceptibility becomes indepen- 
dent of temperature in two dimensions but the electronic specific heat does 
not. A possible explanation may be stated as follows: the spin dependent 
magnetism and hence the susceptibility has a nontrivial dependence on the 
topological arrangement of the electrons. As a result the planar arrangement 
(in two dimensions) of electrons does not produce any temperature depen- 
dent susceptibility. However, the temperature dependence of the electronic 
kinetic energy has a trivial dependence on the dimensionality. Hence, the 
temperature dependence of electronic specific heat is always linear in any 
dimensions. 



Cv — 



7T 2 k 2 Nd 

6/i 



T. 



(17) 
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